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Lecture 15
Supervised Learning



Supervised learning

Learning a classification rule from labeled data.
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Training set

A set of pairs (x, y)

x € R9 is a vector, called the feature vector

y is the classification label of x

Learn the classification relation (model)

y = f(x)
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A linear separator






The Perceptron algorithm
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A hyperplane dividing the space into two halfspaces
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The Perceptron algorithm

Assumption: There exists a separator w* such that

e for each positive example x in the training set S o
L3 //o-
S xT . ow* >

o ordion *

1, <~ divech E}f R
e for each negative example x in the training set S

T *
x' - wr < -1 //

e x" . w* =0: the separating hyperplane
e Distance between x and the hyperplane: xT - w* /| w*|
e Margin v =1/||W | SN






The Perceptron algorithm

Initialization: w = = Oy owlo‘d“w& vechr
For each x € S o lobek

e Compute x” - w

e If Sign(x" - w!?;)el(x) then

1. If Label(x) = + then w < w + x

2. If Label(x) = — then w + w — x é)

b o« w s k() *





Convergence of the Perceptron algorithm
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Let a separator w* with the margin exists
We will keep track of w’w* and ||w|]®> _~

If Label(x) = +, then after an update

(w+x)"

"Tw +x"w*>wlw"+1

’—l\r\um V& o lendt ﬂ.

w'=w

If Label(x) = —, then after an update

w—x)Tw'=ww —x"w" >wiw +1

T

w ' w* increases by at least +1 in each update






Convergence of the Perceptron algorithm

Let us examine |[w|]®> = n W

If Label(x) = +, then after an update

(w+x)T(w+x) = [lw|>+2x"w + |[x||* < [|w]® + [|x]]?
_L - —_
If Label(x) = —, then after an update

T T
(w—x)"(w—x) = |w|* = 2x"w + [x]|* < [lw]* + ||x|*

|wl|? increases by at most (maxxes [|x||)? = R? in each
update -





Convergence of the Perceptron algorithm

Suppose M updates have been made all total

wiw*>M
|w? < MR?
M T,,,*
< < w] < VMR
[w = Tw]
M < R?|w*|?

The algorithm stops after at most R?||w*||? updates

We found a separating hyperplane



Convergence of the Perceptron algorithm

e In general a separating hyperplane is found after (R/v)?
updates

e In stead of adding x to w we could have chosen a step size nx



No ‘good’ hyperplane




Performance of the Perceptron algorithm

Without the margin assumption (a ‘good’ separator may not exist):
Define the Hinge loss of an instance x on w*

L(w*, x) = max(0,1 — Label(x) - xT’w*)

Define the Hinge loss of the training set S RS :W@/
It oxTwt)
2 xR
= — T
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=> 'XT"JN = |- LCLD-L’X’)'





Performance of the Perceptron algorithm

The Perceptron algorithm makes at most
min (RzHW*HZ + 2L(w*,5))
W*

updates
That means at most this many misclassifications can happen
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Performance of the Perceptron algorithm

w\\“‘w

We will keep track of w’w* and ||w||?

If Label(x) = +, then after an update

w+x)Tw =ww +x"w" 2wiw +1-L(w"x)

—_ -

If Label(x) = —, then after an update

w—x)Tw =wTw —x"w" 3w w +1—L(w",x)

w " w* increases by at least 1 — L(w*, x) in each update
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Performance of the Perceptron algorithm

Let us examine |[w|2 = w'W
If Label(x) = +, then after an update

(w+x)T(w+ x) = [[w]|* + 2x"w + [|x||* < [|w]|? + |1x|]
If Label(x) = —, then after an update

(w—x)T(w—x) = [[w]|* = 2xTw + ||x||* < [|w]* + |Ix||

|wl|? increases by at most (maxxes [|x||)? = R? in each
update —





Performance of the Perceptron algorithm

Suppose M updates have been made all total

o w!lw* > M — L(W*,S) (— LLN*,XB
o |lw|? < MR? g M- D ()
. »e$
_ * T (4%
M L(:v ,S) < w'w < |lw|| < VMR,
Wl =
Twt & |nTet|
e M- L ) < R ST
« M—2L(w",S) < R¥||w*||? <ol

e The algorithm makes at most R?||w*||? + 2L(w*, S) updates

e Indeed, since the above is true for any w* the algorithm
encounters at most

min R?||w*||> 4+ 2L(w*, S)
W*
misclassifications —_—
\





Some observations
MTo 2ML (m)@; L(s*T)) < udn
Mo 2 L) ¢ e
Perceptron is an Online Algorithm

The algorithm is presented with an arbitrary example and is
asked to make a prediction of its label

The algorithm is told the true label of the example and is
charged for a mistake

In other cases, a training dataset may be presented altogether:
Batch learning

Online algorithms are good, but not always necessary
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Perceptron finds a separator under the margin (separability)
condition, but this may not be the optimal separator

e When no separability condition is present the number of errors
a perceptron makes is
ceptron maxes

but this is not necessarily the minimum number of

misclassification, neither the found separator is w*
assificat ne found separator is w_

e However this loss function is a very interesting form: Leads us
to Support Vector Machines






Many ‘good’ hyperplanes






Drawback of perceptron






A separator with highest possible margin: Support

Vector Machine

Suppor
vectors






Support Vector Machine

A hyperplane: w”x = 0 (in general w’x + b = 0)

Distance of x from the hyperplane: s * o
D // \A’["ﬁ’

;
jw’ x|/[w]]

Minimum distance of a hyperplane from the training set S

min [w " x|/ || w]|
xXES

SVM Rule:
ma~<nin \war/HwH>
w \xcS

such that:

S’(’MAX{«J

Sign(w " x) = Label(x)
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.for allx e S





