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Lecture 15
Supervised Learning



Supervised learning

Learning a classification rule from labeled data.
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preprocessing of the training set enables the computation of f(x) to pro-
ceed e�ciently. We shall consider an important kind of instance-based
learning, k-nearest-neighbor, in Section 12.4. For example, 1-nearest-
neighbor classifies data by giving it the same class as that of its nearest
training example. There are k-nearest-neighbor algorithms that are ap-
propriate for any kind of classification, although we shall concentrate on
the case where y and the components of x are real numbers.

5. Support-vector machines are an advance over the algorithms traditionally
used to select the weights and threshold. The result is a classifier that
tends to be more accurate on unseen data. We discuss support-vector
machines in Section 12.3.

12.1.4 Machine-Learning Architecture

Machine-learning algorithms can be classified not only by their general algorith-
mic approach as we discussed in Section 12.1.3. but also by their underlying
architecture – the way data is handled and the way it is used to build the model.

Training and Testing

One general issue regarding the handling of data is that there is a good reason to
withhold some of the available data from the training set. The remaining data
is called the test set. The problem addressed is that many machine-learning
algorithms tend to overfit the data; they pick up on artifacts that occur in the
training set but that are atypical of the larger population of possible data. By
using the test data, and seeing how well the classifier works on that, we can tell
if the classifier is overfitting the data. If so, we can restrict the machine-learning
algorithm in some way. For instance, if we are constructing a decision tree, we
can limit the number of levels of the tree.
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Figure 12.3: The training set helps build the model, and the test set validates
it

Figure 12.3 illustrates the train-and-test architecture. We assume all the
data is suitable for training (i.e., the class information is attached to the data),





Training set

• A set of pairs (x , y)

• x 2 Rd is a vector, called the feature vector

• y is the classification label of x

• Learn the classification relation (model)

y = f (x)





A linear separator

margin

Figure 5.1: Margin of a linear separator.

ematical statement, we need to be precise about what we mean by “simple” as well as
what it means for training data to be “representative” of future data. In fact, we will see
several notions of complexity, including bit-counting and VC-dimension, that will allow
us to make mathematical statements of this form. These statements can be viewed as
formalizing the intuitive philosophical notion of Occam’s razor.

5.2 The Perceptron algorithm

To help ground our discussion, we begin by describing a specific interesting learning
algorithm, the Perceptron algorithm, for the problem of assigning positive and negative
weights to features (such as words) so that each positive example has a positive sum of
feature weights and each negative example has a negative sum of feature weights.

More specifically, the Perceptron algorithm is an e�cient algorithm for finding a lin-
ear separator in d-dimensional space, with a running time that depends on the margin
of separation of the data. We are given as input a set S of training examples (points in
d-dimensional space), each labeled as positive or negative, and our assumption is that
there exists a vector w⇤ such that for each positive example x 2 S we have xTw⇤ � 1
and for each negative example x 2 S we have xTw⇤  �1. Note that the quantity
xTw⇤/|w⇤| is the distance of the point x to the hyperplane xTw⇤ = 0. Thus, we can view
our assumption as stating that there exists a linear separator through the origin with all
positive examples on one side, all negative examples on the other side, and all examples
at distance at least � = 1/|w⇤| from the separator. This quantity � is called the margin
of separation (see Figure 5.1).

The goal of the Perceptron algorithm is to find a vector w such that xTw > 0 for all
positive examples x 2 S, and xTw < 0 for all negative examples x 2 S. It does so via
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The Perceptron algorithm
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w

w.x = θ

Figure 12.4: A perceptron divides a space by a hyperplane into two half-spaces

We begin by assuming the threshold is 0; the simple augmentation needed
to handle an unknown threshold is discussed in Section 12.2.4. The follow-
ing method will converge to some hyperplane that separates the positive and
negative examples, provided one exists.

1. Initialize the weight vector w to all 0’s.

2. Pick a learning-rate parameter ⌘, which is a small, positive real number.
The choice of ⌘ a�ects the convergence of the perceptron. If ⌘ is too small,
then convergence is slow; if it is too big, then the decision boundary will
“dance around” and again will converge slowly, if at all.

3. Consider each training example t = (x, y) in turn.

(a) Let y� = w.x.

(b) If y� and y have the same sign, then do nothing; t is properly classi-
fied.

(c) However, if y� and y have di�erent signs, or y� = 0, replace w by
w + ⌘yx. That is, adjust w slightly in the direction of x.

The two-dimensional case of this transformation on w is suggested in Fig.
12.5. Notice how moving w in the direction of x moves the hyperplane that is
perpendicular to w in such a direction that it makes it more likely that x will
be on the correct side of the hyperplane, although it does not guarantee that
to be the case.

Example 12.4 : Let us consider training a perceptron to recognize spam email.
The training set consists of pairs (x, y) where x is a vector of 0’s and 1’s, with
each component xi corresponding to the presence (xi = 1) or absence (xi = 0)

A hyperplane dividing the space into two halfspaces





The Perceptron algorithm

Assumption: There exists a separator w⇤ such that

• for each positive example x in the training set S

xT · w⇤ � +1

• for each negative example x in the training set S

xT · w⇤  �1

• xT · w⇤ = 0 : the separating hyperplane

• Distance between x and the hyperplane: xT · w⇤/kw⇤k
• Margin � = 1/kw⇤k





The Perceptron algorithm

Initialization: w = 0
For each x 2 S

• Compute xT · w
• If Sign(xT · w) 6= Label(x) then

1. If Label(x) = + then w  w + x
2. If Label(x) = � then w  w � x





Convergence of the Perceptron algorithm

• Let a separator w⇤ with the margin exists

• We will keep track of wTw⇤ and kwk2

• If Label(x) = +, then after an update

(w + x)Tw⇤ = wTw⇤ + xTw⇤ � wTw⇤ + 1

• If Label(x) = �, then after an update

(w � x)Tw⇤ = wTw⇤ � xTw⇤ � wTw⇤ + 1

• wTw⇤ increases by at least +1 in each update





Convergence of the Perceptron algorithm

• Let us examine kwk2

• If Label(x) = +, then after an update

(w + x)T (w + x) = kwk2 + 2xTw + kxk2  kwk2 + kxk2

• If Label(x) = �, then after an update

(w � x)T (w � x) = kwk2 � 2xTw + kxk2  kwk2 + kxk2

• kwk2 increases by at most (maxx2S kxk)2 ⌘ R2 in each
update





Convergence of the Perceptron algorithm

• Suppose M updates have been made all total

• wTw⇤ � M

• kwk2  MR2

•
M

kw⇤k 
wTw⇤

kw⇤k  kwk 
p
MR

• M  R2kw⇤k2

• The algorithm stops after at most R2kw⇤k2 updates

• We found a separating hyperplane



Convergence of the Perceptron algorithm

• In general a separating hyperplane is found after (R/�)2

updates

• In stead of adding x to w we could have chosen a step size ⌘x



No ‘good’ hyperplane
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12.2.7 Problems With Perceptrons

Despite the extensions discussed above, there are some limitations to the ability
of perceptrons to classify some data. The biggest problem is that sometimes
the data is inherently not separable by a hyperplane. An example is shown in
Fig. 12.11. In this example, points of the two classes mix near the boundary so
that any line through the points will have points of both classes on at least one
of the sides.

Figure 12.11: A training set may not allow the existence of any separating
hyperplane

One might argue that, based on the observations of Section 12.2.6 it should
be possible to find some function on the points that would transform them to
another space where they were linearly separable. That might be the case,
but if so, it would probably be an example of overfitting, the situation where
the classifier works very well on the training set, because it has been carefully
designed to handle each training example correctly. However, because the clas-
sifier is exploiting details of the training set that do not apply to other examples
that must be classified in the future, the classifier will not perform well on new
data.

Another problem is illustrated in Fig. 12.12. Usually, if classes can be sep-
arated by one hyperplane, then there are many di�erent hyperplanes that will
separate the points. However, not all hyperplanes are equally good. For in-
stance, if we choose the hyperplane that is furthest clockwise, then the point
indicated by “?” will be classified as a circle, even though we intuitively see it as
closer to the squares. When we meet support-vector machines in Section 12.3,
we shall see that there is a way to insist that the hyperplane chosen be the one
that in a sense divides the space most fairly.

Yet another problem is illustrated by Fig. 12.13. Most rules for training



Performance of the Perceptron algorithm

Without the margin assumption (a ‘good’ separator may not exist):
Define the Hinge loss of an instance x on w⇤

L(w⇤, x) = max(0, 1� Label(x) · xTw⇤)

Define the Hinge loss of the training set S

L(w⇤, S) =
X

x2S

L(w⇤, x)





Performance of the Perceptron algorithm

The Perceptron algorithm makes at most

min
w⇤

⇣
R2kw⇤k2 + 2L(w⇤, S)

⌘

updates
That means at most this many misclassifications can happen





Performance of the Perceptron algorithm

• We will keep track of wTw⇤ and kwk2

• If Label(x) = +, then after an update

(w + x)Tw⇤ = wTw⇤ + xTw⇤ � wTw⇤ + 1� L(w⇤, x)

• If Label(x) = �, then after an update

(w � x)Tw⇤ = wTw⇤ � xTw⇤ � wTw⇤ + 1� L(w⇤, x)

• wTw⇤ increases by at least 1� L(w⇤, x) in each update





Performance of the Perceptron algorithm

• Let us examine kwk2

• If Label(x) = +, then after an update

(w + x)T (w + x) = kwk2 + 2xTw + kxk2  kwk2 + kxk2

• If Label(x) = �, then after an update

(w � x)T (w � x) = kwk2 � 2xTw + kxk2  kwk2 + kxk2

• kwk2 increases by at most (maxx2S kxk)2 ⌘ R2 in each
update





Performance of the Perceptron algorithm

• Suppose M updates have been made all total

• wTw⇤ � M � L(w⇤, S)
• kwk2  MR2

•
M � L(w⇤, S)

kw⇤k  wTw⇤

kw⇤k  kwk 
p
MR

• (M � L(w⇤, S))2  R2kw⇤k2M
• M � 2L(w⇤, S)  R2kw⇤k2
• The algorithm makes at most R2kw⇤k2 + 2L(w⇤, S) updates

• Indeed, since the above is true for any w⇤ the algorithm
encounters at most

min
w⇤

R2kw⇤k2 + 2L(w⇤, S)

misclassifications





Some observations

• Perceptron is an Online Algorithm

• The algorithm is presented with an arbitrary example and is
asked to make a prediction of its label

• The algorithm is told the true label of the example and is
charged for a mistake

• In other cases, a training dataset may be presented altogether:
Batch learning

• Online algorithms are good, but not always necessary





Some observations

• Perceptron finds a separator under the margin (separability)
condition, but this may not be the optimal separator

• When no separability condition is present the number of errors
a perceptron makes is

min
w⇤

R2kw⇤k2 + 2L(w⇤, S),

but this is not necessarily the minimum number of
misclassification, neither the found separator is w⇤

• However this loss function is a very interesting form: Leads us
to Support Vector Machines





Many ‘good’ hyperplanes
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?

Figure 12.12: Generally, more that one hyperplane can separate the classes if
they can be separated at all

a perceptron stop as soon as there are no misclassified points. As a result,
the chosen hyperplane will be one that just manages to classify some of the
points correctly. For instance, the upper line in Fig. 12.13 has just managed
to accommodate two of the squares, and the lower line has just managed to
accommodate one of the circles. If either of these lines represent the final
weight vector, then the weights are biased toward one of the classes. That
is, they correctly classify the points in the training set, but the upper line
would classify new squares that are just below it as circles, while the lower line
would classify circles just above it as squares. Again, a more equitable choice
of separating hyperplane will be shown in Section 12.3.

12.2.8 Parallel Implementation of Perceptrons

The training of a perceptron is an inherently sequential process. If the num-
ber of dimensions of the vectors involved is huge, then we might obtain some
parallelism by computing dot products in parallel. However, as we discussed in
connection with Example 12.4, high-dimensional vectors are likely to be sparse
and can be represented more succinctly than would be expected from their
length.

In order to get significant parallelism, we have to modify the perceptron
algorithm slightly, so that many training examples are used with the same esti-
mated weight vector w. As an example, let us formulate the parallel algorithm
as a MapReduce job.
The Map Function: Each Map task is given a chunk of training examples,
and each Map task knows the current weight vector w. The Map task computes
w.x for each feature vector x = [x1, x2, . . . , xk] in its chunk and compares that





Drawback of perceptron12.2. PERCEPTRONS 459

Figure 12.13: Perceptrons converge as soon as the separating hyperplane reaches
the region between classes

dot product with the label y, which is +1 or �1, associated with x. If the signs
agree, no key-value pairs are produced for this training example. However, if
the signs disagree, then for each nonzero component xi of x the key-value pair
(i, ⌘yxi) is produced; here, ⌘ is the learning-rate constant used to train this
perceptron. Notice that ⌘yxi is the increment we would like to add to the
current ith component of w, and if xi = 0, then there is no need to produce a
key-value pair. However, in the interests of parallelism, we defer that change
until we can accumulate many changes in the Reduce phase.
The Reduce Function: For each key i, the Reduce task that handles key i
adds all the associated increments and then adds that sum to the ith component
of w.

Probably, these changes will not be enough to train the perceptron. If any
changes to w occur, then we need to start a new MapReduce job that does the
same thing, perhaps with di�erent chunks from the training set. However, even
if the entire training set was used on the first round, it can be used again, since
its e�ect on w will be di�erent if w has changed.

12.2.9 Exercises for Section 12.2

Exercise 12.2.1 : Modify the training set of Fig. 12.6 so that example b also
includes the word “nigeria” (yet remains a negative example – perhaps someone
telling about their trip to Nigeria). Find a weight vector that separates the
positive and negative examples, using:

(a) The basic training method of Section 12.2.1.

(b) The Winnow method of Section 12.2.3.





A separator with highest possible margin: Support
Vector Machine
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12.3 Support-Vector Machines

We can view a support-vector machine, or SVM, as an improvement on the
perceptron that is designed to address the problems mentioned in Section 12.2.7.
An SVM selects one particular hyperplane that not only separates the points in
the two classes, but does so in a way that maximizes the margin – the distance
between the hyperplane and the closest points of the training set.

12.3.1 The Mechanics of an SVM

The goal of an SVM is to select a hyperplane w.x + b = 01 that maximizes
the distance � between the hyperplane and any point of the training set. The
idea is suggested by Fig. 12.14. There, we see the points of two classes and a
hyperplane dividing them.

Support
vectors

γ
γ

w.x + b = 0

Figure 12.14: An SVM selects the hyperplane with the greatest possible margin
� between the hyperplane and the training points

Intuitively, we are more certain of the class of points that are far from the
separating hyperplane than we are of points near to that hyperplane. Thus, it
is desirable that all the training points be as far from the hyperplane as possible
(but on the correct side of that hyperplane, of course). An added advantage
of choosing the separating hyperplane to have as large a margin as possible is
that there may be points closer to the hyperplane in the full data set but not
in the training set. If so, we have a better chance that these points will be
classified properly than if we chose a hyperplane that separated the training
points but allowed some points to be very close to the hyperplane itself. In that
case, there is a fair chance that a new point that was near a training point that

1Constant b in this formulation of a hyperplane is the same as the negative of the threshold
� in our treatment of perceptrons in Section 12.2.





Support Vector Machine

• A hyperplane: wTx = 0 (in general wTx + b = 0)

• Distance of x from the hyperplane:

|wTx |/kwk

• Minimum distance of a hyperplane from the training set S

min
x2S

|wTx |/kwk

• SVM Rule:
max
w

min
x2S

|wTx |/kwk

such that:
Sign(wTx) = Label(x)

for all x 2 S




