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Homework Announcement

• Show your work in the homework

• Write the full name and id.

• The writing should be in latex/legible.

• The coding part will not be graded and it is not required to be
submitted.

Please adhere to these rules



Lecture 3

SVD, PCA, HITS, Markov Chain



Singular Value Decomposition

A = UDV T

A : n ⇥ d

U : n ⇥ r Orthonormal columns

D : r ⇥ r Diagonal matrix

V : d ⇥ r Orthonormal columns

V : columns are the best fitting lines

U : rows are the projection of rows of A towards those lines





Computation of SVD: the power method
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• Since �1 > �2 the first term in the above term dominates for
large `:
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• A close estimate for v1 can be computed by simply taking B`

for a large ` and taking the first column.





Computation of SVD: the power method

• Matrix-matrix product is costly, and may be unnecessary when
the matrix is sparse

• Matrix-vector product is faster

• For any random vector x we can write x =
Pd
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• Normalize the above vector to find v1

• B`x = ATAATA . . .ATAx this product can be done from the
right by matrix-vector multiplications

• Question: how do we find out the next singular vector?





The Principal Component Analysis (PCA)

Find the direction/axis where data is most spread out (the
principal component of data)

• A is n ⇥ d data matrix

• Data is centered first:

ãi = ai � 1

n

nX

j=1

aj

• The (co)-variance of data

ÃT Ã

• We just find the (top) eigenvectors of ÃT Ã (the directions of
maximum projection)

• They are just the (top) right singular vectors of Ã





SVD Example: movie rating

A contrived example from mmds.org
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movies Casablanca and Titanic are exclusively romances.
Finally, the matrix � gives the strength of each of the concepts. In our

example, the strength of the science-fiction concept is 12.4, while the strength
of the romance concept is 9.5. Intuitively, the science-fiction concept is stronger
because the data provides more information about the movies of that genre and
the people who like them.

In general, the concepts will not be so clearly delineated. There will be fewer
0’s in U and V , although � is always a diagonal matrix and will always have
0’s o� the diagonal. The entities represented by the rows and columns of M
(analogous to people and movies in our example) will partake of several di�erent
concepts to varying degrees. In fact, the decomposition of Example 11.8 was
especially simple, since the rank of the matrix M was equal to the desired
number of columns of U , �, and V . We were therefore able to get an exact
decomposition of M with only two columns for each of the three matrices U , �,
and V ; the product U�V T, if carried out to infinite precision, would be exactly
M . In practice, life is not so simple. When the rank of M is greater than the
number of columns we want for the matrices U , �, and V , the decomposition is
not exact. We need to eliminate from the exact decomposition those columns of
U and V that correspond to the smallest singular values, in order to get the best
approximation. The following example is a slight modification of Example 11.8
that will illustrate the point.

1   1   1   0   0
3   3   3   0   0
4   4   4   0   0
5   5   5   0   0
0   2   0   4   4
0   0   0   5   5
0   1   0   2   2

Joe
Jim

John
Jack

Jill
Jenny

Jane

C
asablanca

M
atrix

Titanic

A
lien

Star W
ars

Figure 11.8: The new matrix M �, with ratings for Alien by two additional raters

Example 11.9 : Figure 11.8 is almost the same as Fig. 11.6, but Jill and Jane
rated Alien, although neither liked it very much. The rank of the matrix in
Fig. 11.8 is 3; for example the first, sixth, and seventh rows are independent,
but you can check that no four rows are independent. Figure 11.9 shows the
decomposition of the matrix from Fig. 11.8.

We have used three columns for U , �, and V because they decompose a
matrix of rank three. The columns of U and V still correspond to concepts.
The first is still “science fiction” and the second is “romance.” It is harder to

Two genres: Sci-fi and Romance

mmds.org




SVD Example: movie rating
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Figure 11.9: SVD for the matrix M � of Fig. 11.8

explain the third column’s concept, but it doesn’t matter all that much, because
its weight, as given by the third nonzero entry in �, is very low compared with
the weights of the first two concepts. �

In the next section, we consider eliminating some of the least important
concepts. For instance, we might want to eliminate the third concept in Ex-
ample 11.9, since it really doesn’t tell us much, and the fact that its associated
singular value is so small confirms its unimportance.

11.3.3 Dimensionality Reduction Using SVD

Suppose we want to represent a very large matrix M by its SVD components U ,
�, and V , but these matrices are also too large to store conveniently. The best
way to reduce the dimensionality of the three matrices is to set the smallest of
the singular values to zero. If we set the s smallest singular values to 0, then
we can also eliminate the corresponding s columns of U and V .

Example 11.10 : The decomposition of Example 11.9 has three singular val-
ues. Suppose we want to reduce the number of dimensions to two. Then we
set the smallest of the singular values, which is 1.3, to zero. The e�ect on the
expression in Fig. 11.9 is that the third column of U and the third row of V T are

The singular vectors: Genres (concepts)





SVD Example: movie rating

Dimensionality reduction:
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multiplied only by 0’s when we perform the multiplication, so this row and this
column may as well not be there. That is, the approximation to M � obtained
by using only the two largest singular values is that shown in Fig. 11.10.
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Figure 11.10: Dropping the lowest singular value from the decomposition of
Fig. 11.7

The resulting matrix is quite close to the matrix M � of Fig. 11.8. Ideally, the
entire di�erence is the result of making the last singular value be 0. However,
in this simple example, much of the di�erence is due to rounding error caused
by the fact that the decomposition of M � was only correct to two significant
digits. �

11.3.4 Why Zeroing Low Singular Values Works

The choice of the lowest singular values to drop when we reduce the number of
dimensions can be shown to minimize the root-mean-square error between the
original matrix M and its approximation. Since the number of entries is fixed,
and the square root is a monotone operation, we can simplify and compare
the Frobenius norms of the matrices involved. Recall that the Frobenius norm
of a matrix M , denoted �M�, is the square root of the sum of the squares of
the elements of M . Note that if M is the di�erence between one matrix and
its approximation, then �M� is proportional to the RMSE (root-mean-square
error) between the matrices.

To explain why choosing the smallest singular values to set to 0 minimizes
the RMSE or Frobenius norm of the di�erence between M and its approxima-
tion, let us begin with a little matrix algebra. Suppose M is the product of
three matrices M = PQR. Let mij , pij , qij , and rij be the elements in row i
and column j of M , P , Q, and R, respectively. Then the definition of matrix

A rank-2 approximation





The HITS Algorithm: SVD on the web

• Ranking webpages (found to be relevant to a ‘term’) in a
collection

• Idea: Project a webpage towards the ‘best-fit’ direction of the
collection

• This direction has the maximum sum of squared projections of
the collection

• Collection: can be thought of as a directed graph

• Webpages: Vertices ; Links: Directed edges

• Page is more important if it has more links





The HITS Algorithm: Ranking webpages

HITS: Hypertext-Induced Topic Selection
Do you know what is a circular definition?

• Authorities: The webpages that many ‘hubs’ link to (the most
prominent source of information)

• Hubs: The webpages that points to many ‘authorities’ (they
identify the source of information)

• Interesting pages are fall into one of the two categories
• Authorities: Newspaper home pages; Course home pages;
Home pages of auto manufacturers

• Hubs: List of newspapers; Course bulletin; List of US auto
manufacturers

Interesting pages fall into two classes:
1. Authorities are pages containing 

useful information
! Newspaper home pages
! Course home pages
! Home pages of auto manufacturers

2. Hubs are pages that link to authorities
! List of newspapers
! Course bulletin
! List of US auto manufacturers

49J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive Datasets, http://www.mmds.org

courtesy: mmds.org

mmds.org




The HITS Algorithm

Each node has

• A ‘hub’ score

• An ‘authority’ score

50

(Note this is idealized example. In reality graph is not bipartite and 
each page has both the hub and authority score)

Each page starts with hub
score 1. Authorities collect 

their votes

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive Datasets, http://www.mmds.org

source: mmds.org

mmds.org




The HITS Algorithm
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(Note this is idealized example. In reality graph is not bipartite and 
each page has both the hub and authority score)

Sum of hub
scores of nodes 
pointing to NYT.

Each page starts with hub
score 1. Authorities collect 

their votes

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive Datasets, http://www.mmds.org
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Hubs collect authority scores

(Note this is idealized example. In reality graph is not bipartite and 
each page has both the hub and authority score)

Sum of authority 
scores of nodes that 
the node points to.

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive Datasets, http://www.mmds.org





The HITS Algorithm

53

Authorities again collect 
the hub scores

(Note this is idealized example. In reality graph is not bipartite and 
each page has both the hub and authority score)

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive Datasets, http://www.mmds.org





The HITS Algorithm

• A ‘hub’ score vector u
• An ‘authority’ score vector v
• The adjacency matrix of the graph A

Algorithm: For i = 1, . . .

1. v i = ATu i�1

kATu i�1k

2. u i = Av i

kAv ik
Sort v to find the ranking of documents
Great! So what happened to HITS?





This

Pagerank

A search engine:

• Finds all webpage with the ‘term’

• rank the webpages and display them in order

• The later cannot be done in query-time

• Rank all the webpages ‘o✏ine’

• Show the webpages with the ‘term’ in the ranked order

An universal ranking of the web!




