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Lecture 6
Clustering



Finding further hidden structures in data: Clustering

Given a set of data, segment them into groups. :
How?
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corresponding cluster center

e Clustering with radius r: k spheres, each with radius r, covers
all the points

Algorithm: The Farthest Traversal (FT) k-clustering Algorithm \/

Pick any data point to be the first cluster center ¢y
At time t, t=2,3,...,k

Pick the farthest pomt from any existing cluster centers

Make it the t-th cluster center ¢;
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Farthest traversal (FT) for k-center clustering

Claim: If the optimal clustering has cost r then the FT algorithm
will give us a clustering with cost 2r ﬁ% et

Proof by contradiction: suppose the cost is >2r  cost £2¢
there eximt x that is more than distance 2r from all
the chomnters_

each new center was chosen to be distance more than 2r from
the existing centers at any time step (otherwise we would
havemc Qn - e

there exists k + 1 points, X, 1,2, -+ Ch, all of which are
pairwise distance > 2r apart B

for ‘any’ k clustering (partitioning), there must exists a cluster
that contains two points that are distance > 2r apart
(pigeon-hole)
then the radius for ‘any’ k clustering must be > r, a

contradiction e
—_——
This is called a 2-approximation



k-means clustering 0 ©

For a set of points aj, as, as, ..., a,, the centroid is: o

. Wan . L
Claim: arg max, > llai = x||3 = c. Centroid minimizes the sum
of squared distances V4
e Why?
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k-means clustering: Lloyd’s algorithm

Centroid gives the idea

1. Initialization (unspecified): Start with k centers
lalization {uns tart with k centers

2. Cluster each point with the center nearest to it

3. Find the centroid of each cluster and replace the set of old

centers with the centroids -

—_——

4. Repeat steps 2 and 3 till the cost is no longer improving
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k-means clustering: Lloyd’s algorithm
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e Lloyd's algorithm always converges to a local minima of the
cost

e Cluster each point with the center nearest to it: cost decreases

e Find the centroid of each cluster and replace the set of old
centers with the centroids: cost decreases

e Cost can only decrease




Lloyd's algorithm: bad initialization

Bad initialization leads to bad clustering
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Lloyd's algorithm: bad initialization
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Initialization strategy? .

e Well, farthest traversal (FT)

e But gets fooled by small number of outliers

e Introduce randomness in the process (remember ‘reset’ in
Oomness in the p
pagerank?)

e k-means+-+




k-means—+-+

1. Choose one center uniformly at random from among the data
points.

2. For each data point x, compute d(x), the distance between x
and the nearest center that has already been chosen.

3. Choose one new data point at random as a new center, using
a weighted probability distribution where a point x is chosen
with probability proportional to d(x)>2. A&
p— 2L
4. Repeat Steps 2 and 3 until k centers have been chosen. Zo(@n)
&%

Now that the initial centers have been chosen, proceed using
standard k-means clustering.

This is guaranteed to give us a 8(In k + 2)-approximation

Arthur and Vassilvitskii, k-means++: The Advantages
of Careful Seeding 2007F




What should be k7

Perform about log k runs of clustering for k =1,2,4,8....
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Hierarchical clustering

Ward's algorithm.
Cost of a cluster C: Y, . d?(x, c), c is the centroid

e Intialize k = n. Every point is a cluster. Cost is 0. £ =10

e do the following ¢ =1,2,...,n— k
e merge the two clusters Ci, G, such that
cost(Cy U Gp) — cost(Cy) — cost(Cy) is minimized.



CURE: Clustering Using REpresentatives

Notice: Hierarchical clustering can better in scenarios such as
below:

CURE is designed to handle oddly shaped data: S-shape, bends,
rings

Not center based, but uses a set of representatives



CURE: Clustering Using REpresentatives

Initialization:
e Take a small sample of data
e Cluster it in the main memory (using hierarchical clustering)

e Select a small set of points from each cluster to be
representative points. These points should be chosen to be as
far from one another as possible

e Move each of the representative points a fixed fraction of the
distance between its location and the centroid of its cluster.
Perhaps 20% is a good fraction to choose



CURE: Initialization
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CURE: Finalize

Each point p is brought from secondary storage and compared with

the representative points.
We assign p to the cluster of the representative point that is

closest to p
mmds . org
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