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Finding further hidden structures in data: Clustering

Given a set of data, segment them into groups.
How?

B

A

Figure 7.1: Example where the natural clustering is not center-based.

7.1.3 Spectral Clustering

An important part of a clustering toolkit when data lies in Rd is Singular Value De-
composition. Spectral Clustering refers to the following algorithm: Find the space V
spanned by the top k right singular vectors of the matrix A whose rows are the data
points. Project data points to V and cluster in the projection.

An obvious reason to do this is dimension reduction, clustering in the d dimensional
space where data lies is reduced to clustering in a k dimensional space (usually, k << d).
A more important point is that under certain assumptions one can prove that spectral
clustering gives a clustering close to the true clustering. We already saw this in the case
when data is from a mixture of spherical Gaussians, Section 3.9.3. The assumption used is
“the means separated by a constant number of Standard Deviations”. In Section 7.5, we
will see that in a much more general setting, which includes common stochastic models,
the same assumption, in spirit, yields similar conclusions. Section 7.4, has another setting
with a similar result.

7.2 k-Means Clustering

We assume in this section that data points lie in Rd and focus on the k-means criterion.

7.2.1 A Maximum-Likelihood Motivation

We now consider a maximum-likelihood motivation for using the k-means criterion.
Suppose that the data was generated according to an equal weight mixture of k spherical
well-separated Gaussian densities centered at µ1, µ2, . . . , µk, each with variance one in
every direction. Then the density of the mixture is

Prob(x) =
1

(2π)d/2

1

k

k∑

i=1

e−|x−µi|2 .

Denote by µ(x) the center nearest to x. Since the exponential function falls off fast,
assuming x is noticeably closer to its nearest center than to any other center, we can
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k-center clustering

• Radius= cost: maximum distance of a point from the
corresponding cluster center

• Clustering with radius r : k spheres, each with radius r , covers
all the points

Algorithm: The Farthest Traversal (FT) k-clustering Algorithm
Pick any data point to be the first cluster center c1
At time t, t = 2, 3, . . . , k
Pick the farthest point from any existing cluster centers
Make it the t-th cluster center ct



Farthest traversal (FT) for k-center clustering

Claim: If the optimal clustering has cost r then the FT algorithm
will give us a clustering with cost 2r

• Proof by contradiction: suppose the cost is > 2r

• there exists a point x that is more than distance 2r from all
the chosen cluster centers

• each new center was chosen to be distance more than 2r from
the existing centers at any time step (otherwise we would
have chosen x)

• there exists k + 1 points, x , c1, c2, . . . , ck , all of which are
pairwise distance > 2r apart

• for ‘any’ k clustering (partitioning), there must exists a cluster
that contains two points that are distance > 2r apart
(pigeon-hole)

• then the radius for ‘any’ k clustering must be > r , a
contradiction

This is called a 2-approximation



k-means clustering

For a set of points a1, a2, a3, . . . , an, the centroid is:

c =
1

n

n∑

i=1

ai

Claim: arg maxx
∑n

j=1 ‖ai − x‖22 = c. Centroid minimizes the sum
of squared distances

• Why?
n∑

j=1

‖ai − x‖22 =
n∑

j=1

‖ai − c + c − x‖22 =
n∑

j=1

‖ai − c‖22

+ (c − x)
n∑

j=1

(ai − c) +
n∑

j=1

‖c − x‖22

=
n∑

j=1

‖ai − c‖22 + n‖c − x‖22

x = c minimizes the above



k-means clustering: Lloyd’s algorithm

Centroid gives the idea

1. Initialization (unspecified): Start with k centers

2. Cluster each point with the center nearest to it

3. Find the centroid of each cluster and replace the set of old
centers with the centroids

4. Repeat steps 2 and 3 till the cost is no longer improving



k-means clustering: Lloyd’s algorithm

• Lloyd’s algorithm always converges to a local minima of the
cost

• Cluster each point with the center nearest to it: cost decreases

• Find the centroid of each cluster and replace the set of old
centers with the centroids: cost decreases

• Cost can only decrease



Lloyd’s algorithm: bad initialization

Bad initialization leads to bad clustering

Figure 7.2: A locally-optimal but globally-suboptimal k-means clustering.

As noted above, Lloyd’s algorithm only finds a local optimum to the k-means objective
that might not be globally optimal. Consider, for example, Figure 7.2. Here data lies in
three dense clusters in R2: one centered at (0, 1), one centered at (0,−1) and one centered
at (3, 0). If we initialize with one center at (0, 1) and two centers near (3, 0), then the
center at (0, 1) will move to near (0, 0) and capture the points near (0, 1) and (0,−1),
whereas the centers near (3, 0) will just stay there, splitting that cluster.

Because the initial centers can substantially influence the quality of the result, there
has been significant work on initialization strategies for Lloyd’s algorithm. One popular
strategy is called “farthest traversal”. Here, we begin by choosing one data point as initial
center c1 (say, randomly), then pick the farthest data point from c1 to use as c2, then
pick the farthest data point from {c1, c2} to use as c3, and so on. These are then used
as the initial centers. Notice that this will produce the correct solution in the example in
Figure 7.2.

Farthest traversal can unfortunately get fooled by a small number of outliers. To ad-
dress this, a smoother, probabilistic variation known as k-means++ instead weights data
points based on their distance squared from the previously chosen centers. Then it selects
the next center probabilistically according to these weights. This approach has the nice
property that a small number of outliers will not overly influence the algorithm so long as
they are not too far away, in which case perhaps they should be their own clusters anyway.

Another approach is to run some other approximation algorithm for the k-means
problem, and then use its output as the starting point for Lloyd’s algorithm. Note that
applying Lloyd’s algorithm to the output of any other algorithm can only improve its
score. An alternative SVD-based method for initialization is described and analyzed in
Section 7.5.
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Lloyd’s algorithm: bad initialization

Initialization strategy?

• Well, farthest traversal (FT)

• But gets fooled by small number of outliers

• Introduce randomness in the process (remember ‘reset’ in
pagerank?)

• k-means++



k-means++

1. Choose one center uniformly at random from among the data
points.

2. For each data point x , compute d(x), the distance between x
and the nearest center that has already been chosen.

3. Choose one new data point at random as a new center, using
a weighted probability distribution where a point x is chosen
with probability proportional to d(x)2.

4. Repeat Steps 2 and 3 until k centers have been chosen.

Now that the initial centers have been chosen, proceed using
standard k-means clustering.

This is guaranteed to give us a 8(ln k + 2)-approximation

Arthur and Vassilvitskii, k-means++: The Advantages

of Careful Seeding
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clusters than there really are, the measure will rise precipitously. The idea is
expressed by the diagram of Fig. 7.9.

Average
Diameter

Number of Clusters

Correct value of k

Figure 7.9: Average diameter or another measure of diffuseness rises quickly as
soon as the number of clusters falls below the true number present in the data

If we have no idea what the correct value of k is, we can find a good value
in a number of clustering operations that grows only logarithmically with the
true number. Begin by running the k-means algorithm for k = 1, 2, 4, 8, . . . .
Eventually, you will find two values v and 2v between which there is very little
decrease in the average diameter, or whatever measure of cluster cohesion you
are using. We may conclude that the value of k that is justified by the data lies
between v/2 and v. If you use a binary search (discussed below) in that range,
you can find the best value for k in another log2 v clustering operations, for a
total of 2 log2 v clusterings. Since the true value of k is at least v/2, we have
used a number of clusterings that is logarithmic in k.

Since the notion of “not much change” is imprecise, we cannot say exactly
how much change is too much. However, the binary search can be conducted
as follows, assuming the notion of “not much change” is made precise by some
formula. We know that there is too much change between v/2 and v, or else
we would not have gone on to run a clustering for 2v clusters. Suppose at some
point we have narrowed the range of k to between x and y. Let z = (x + y)/2.
Run a clustering with z as the target number of clusters. If there is not too
much change between z and y, then the true value of k lies between x and z.
So recursively narrow that range to find the correct value of k. On the other
hand, if there is too much change between z and y, then use binary search in
the range between z and y instead.

7.3.4 The Algorithm of Bradley, Fayyad, and Reina

This algorithm, which we shall refer to as BFR after its authors, is a variant of
k-means that is designed to cluster data in a high-dimensional Euclidean space.
It makes a very strong assumption about the shape of clusters: they must
be normally distributed about a centroid. The mean and standard deviation
for a cluster may differ for different dimensions, but the dimensions must be

Perform about log k runs of clustering for k = 1, 2, 4, 8 . . . .
mmds.org
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Hierarchical clustering

Ward’s algorithm.
Cost of a cluster C :

∑
x∈C d2(x , c), c is the centroid

• Intialize k = n. Every point is a cluster. Cost is 0. ` = 0

• do the following ` = 1, 2, . . . , n − k

• merge the two clusters C1,C2 such that
cost(C1 ∪ C2)− cost(C1)− cost(C2) is minimized.



CURE: Clustering Using REpresentatives

Notice: Hierarchical clustering can better in scenarios such as
below:

B

A

Figure 7.1: Example where the natural clustering is not center-based.

7.1.3 Spectral Clustering

An important part of a clustering toolkit when data lies in Rd is Singular Value De-
composition. Spectral Clustering refers to the following algorithm: Find the space V
spanned by the top k right singular vectors of the matrix A whose rows are the data
points. Project data points to V and cluster in the projection.

An obvious reason to do this is dimension reduction, clustering in the d dimensional
space where data lies is reduced to clustering in a k dimensional space (usually, k << d).
A more important point is that under certain assumptions one can prove that spectral
clustering gives a clustering close to the true clustering. We already saw this in the case
when data is from a mixture of spherical Gaussians, Section 3.9.3. The assumption used is
“the means separated by a constant number of Standard Deviations”. In Section 7.5, we
will see that in a much more general setting, which includes common stochastic models,
the same assumption, in spirit, yields similar conclusions. Section 7.4, has another setting
with a similar result.

7.2 k-Means Clustering

We assume in this section that data points lie in Rd and focus on the k-means criterion.

7.2.1 A Maximum-Likelihood Motivation

We now consider a maximum-likelihood motivation for using the k-means criterion.
Suppose that the data was generated according to an equal weight mixture of k spherical
well-separated Gaussian densities centered at µ1, µ2, . . . , µk, each with variance one in
every direction. Then the density of the mixture is

Prob(x) =
1

(2π)d/2

1

k

k∑

i=1

e−|x−µi|2 .

Denote by µ(x) the center nearest to x. Since the exponential function falls off fast,
assuming x is noticeably closer to its nearest center than to any other center, we can
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CURE is designed to handle oddly shaped data: S-shape, bends,
rings

Not center based, but uses a set of representatives



CURE: Clustering Using REpresentatives

Initialization:

• Take a small sample of data

• Cluster it in the main memory (using hierarchical clustering)

• Select a small set of points from each cluster to be
representative points. These points should be chosen to be as
far from one another as possible

• Move each of the representative points a fixed fraction of the
distance between its location and the centroid of its cluster.
Perhaps 20% is a good fraction to choose



CURE: Initialization

7.4. THE CURE ALGORITHM 263

Figure 7.12: Two clusters, one surrounding the other

Example 7.10 : Figure 7.12 is an illustration of two clusters. The inner clus-
ter is an ordinary circle, while the second is a ring around the circle. This
arrangement is not completely pathological. A creature from another galaxy
might look at our solar system and observe that the objects cluster into an inner
circle (the planets) and an outer ring (the Kuyper belt), with little in between.
!

7.4.1 Initialization in CURE

We begin the CURE algorithm by:

1. Take a small sample of the data and cluster it in main memory. In prin-
ciple, any clustering method could be used, but as CURE is designed to
handle oddly shaped clusters, it is often advisable to use a hierarchical
method in which clusters are merged when they have a close pair of points.
This issue is discussed in more detail in Example 7.11 below.

2. Select a small set of points from each cluster to be representative points.
These points should be chosen to be as far from one another as possible,
using the method described in Section 7.3.2.

3. Move each of the representative points a fixed fraction of the distance
between its location and the centroid of its cluster. Perhaps 20% is a
good fraction to choose. Note that this step requires a Euclidean space,
since otherwise, there might not be any notion of a line between two
points.

Example 7.11 : We could use a hierarchical clustering algorithm on a sample
of the data from Fig. 7.12. If we took as the distance between clusters the
shortest distance between any pair of points, one from each cluster, then we
would correctly find the two clusters. That is, pieces of the ring would stick
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together, and pieces of the inner circle would stick together, but pieces of ring
would always be far away from the pieces of the circle. Note that if we used the
rule that the distance between clusters was the distance between their centroids,
then we might not get the intuitively correct result. The reason is that the
centroids of both clusters are in the center of the diagram.

Figure 7.13: Select representative points from each cluster, as far from one
another as possible

For the second step, we pick the representative points. If the sample from
which the clusters are constructed is large enough, we can count on a cluster’s
sample points at greatest distance from one another lying on the boundary of
the cluster. Figure 7.13 suggests what our initial selection of sample points
might look like.

Finally, we move the representative points a fixed fraction of the distance
from their true location toward the centroid of the cluster. Note that in Fig. 7.13
both clusters have their centroid in the same place: the center of the inner circle.
Thus, the representative points from the circle move inside the cluster, as was
intended. Points on the outer edge of the ring also move into their cluster, but
points on the ring’s inner edge move outside the cluster. The final locations of
the representative points from Fig. 7.13 are suggested by Fig. 7.14. !

7.4.2 Completion of the CURE Algorithm

The next phase of CURE is to merge two clusters if they have a pair of rep-
resentative points, one from each cluster, that are sufficiently close. The user
may pick the distance that defines “close.” This merging step can repeat, until
there are no more sufficiently close clusters.

Example 7.12 : The situation of Fig. 7.14 serves as a useful illustration. There
is some argument that the ring and circle should really be merged, because their
centroids are the same. For instance, if the gap between the ring and circle were

mmds.org
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CURE: Finalize
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Figure 7.14: Moving the representative points 20% of the distance to the clus-
ter’s centroid

much smaller, it might well be argued that combining the points of the ring and
circle into a single cluster reflected the true state of affairs. For instance, the
rings of Saturn have narrow gaps between them, but it is reasonable to visualize
the rings as a single object, rather than several concentric objects. In the case
of Fig. 7.14 the choice of

1. The fraction of the distance to the centroid that we move the representa-
tive points and

2. The choice of how far apart representative points of two clusters need to
be to avoid merger

together determine whether we regard Fig. 7.12 as one cluster or two. !

The last step of CURE is point assignment. Each point p is brought from
secondary storage and compared with the representative points. We assign p
to the cluster of the representative point that is closest to p.

Example 7.13 : In our running example, points within the ring will surely
be closer to one of the ring’s representative points than to any representative
point of the circle. Likewise, points within the circle will surely be closest to a
representative point of the circle. An outlier – a point not within the ring or
the circle – will be assigned to the ring if it is outside the ring. If the outlier is
between the ring and the circle, it will be assigned to one or the other, somewhat
favoring the ring because its representative points have been moved toward the
circle. !

7.4.3 Exercises for Section 7.4

Exercise 7.4.1 : Consider two clusters that are a circle and a surrounding ring,
as in the running example of this section. Suppose:

Each point p is brought from secondary storage and compared with
the representative points.
We assign p to the cluster of the representative point that is
closest to p
mmds.org
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