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Lecture 8
Similarity Queries



Finding similar items
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Finding near-neighbors in a high dimensional space

• Pages with similar words
For data de-duplication, classification by topics

• Customers who purchased similar products
Product classification

• Images with similar features

The space is high dimensional
The database can be huge



Finding near-neighbors in a high dimensional space

• Near neighbors: Points that are only a small distance away

• Have to define distance or similarity

• For example, Jaccard distance/similarity

For any two sets A and B, the Jaccard similarity

|A ∩ B|
|A ∪ B|

For any two sets A and B, the Jaccard distance

1− |A ∩ B|
|A ∪ B|



Jaccard metric

For any two sets A and B, the Jaccard similarity

|A ∩ B|
|A ∪ B|

For any two sets A and B, the Jaccard distance

1− |A ∩ B|
|A ∪ B|

74 CHAPTER 3. FINDING SIMILAR ITEMS

into one of set intersection, we use a technique called “shingling,” which is
introduced in Section 3.2.

3.1.1 Jaccard Similarity of Sets

The Jaccard similarity of sets S and T is |S ∩ T |/|S ∪ T |, that is, the ratio
of the size of the intersection of S and T to the size of their union. We shall
denote the Jaccard similarity of S and T by SIM(S, T ).

Example 3.1 : In Fig. 3.1 we see two sets S and T . There are three elements
in their intersection and a total of eight elements that appear in S or T or both.
Thus, SIM(S, T ) = 3/8. !

T
S

Figure 3.1: Two sets with Jaccard similarity 3/8

3.1.2 Similarity of Documents

An important class of problems that Jaccard similarity addresses well is that
of finding textually similar documents in a large corpus such as the Web or a
collection of news articles. We should understand that the aspect of similarity
we are looking at here is character-level similarity, not “similar meaning,” which
requires us to examine the words in the documents and their uses. That problem
is also interesting but is addressed by other techniques, which we hinted at in
Section 1.3.1. However, textual similarity also has important uses. Many of
these involve finding duplicates or near duplicates. First, let us observe that
testing whether two documents are exact duplicates is easy; just compare the
two documents character-by-character, and if they ever differ then they are not
the same. However, in many applications, the documents are not identical, yet
they share large portions of their text. Here are some examples:

similarity = 3
8 ; distance = 5

8



Running example: Similarity of documents

Jaccard distance for textual similarity

• To find plagiarism No simple automated process (documents
are not exactly same)

• To find the same news from different sources

• To match mirror pages



Documents to sets: Shingling

Jaccard distance for textual similarity

• Document: string of characters

• k-shingle: a substring of length k within the document

• Example: abcdabd

Set of 2-shingles: { ab,bc,cd,da,bd}
Bag of 2-shingles: {ab,bc,cd,da,ab,bd}

We might remove whitespace altogether
We might replace sequence of whitespaces by only one whitespace



Shingling: choosing the shingle size

k = 1: bad

• k should be picked large enough that the probability of any
given shingle appearing in any given document is low.

k very large: not enough statistics: bad

For large documents k = 9 is considered safe

Hashing Shingles: Give each shingle a number and then instead of
set of shingles, keep the set of numbers



Shingles built from words

• First rule: avoid stop words: and, such, to etc.

• Use stop word followed by the next two or three words: and

other world leaders etc.



Summarizing the shingles

How to go from Sets → Signatures

• The characteristic matrix of sets
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the signatures give the exact similarity of the sets they represent, but the esti-
mates they provide are close, and the larger the signatures the more accurate
the estimates. For example, if we replace the 200,000-byte hashed-shingle sets
that derive from 50,000-byte documents by signatures of 1000 bytes, we can
usually get within a few percent.

3.3.1 Matrix Representation of Sets

Before explaining how it is possible to construct small signatures from large
sets, it is helpful to visualize a collection of sets as their characteristic matrix.
The columns of the matrix correspond to the sets, and the rows correspond to
elements of the universal set from which elements of the sets are drawn. There
is a 1 in row r and column c if the element for row r is a member of the set for
column c. Otherwise the value in position (r, c) is 0.

Element S1 S2 S3 S4

a 1 0 0 1

b 0 0 1 0

c 0 1 0 1

d 1 0 1 1

e 0 0 1 0

Figure 3.2: A matrix representing four sets

Example 3.6 : In Fig. 3.2 is an example of a matrix representing sets chosen
from the universal set {a, b, c, d, e}. Here, S1 = {a, d}, S2 = {c}, S3 = {b, d, e},
and S4 = {a, c, d}. The top row and leftmost columns are not part of the matrix,
but are present only to remind us what the rows and columns represent. !

It is important to remember that the characteristic matrix is unlikely to be
the way the data is stored, but it is useful as a way to visualize the data. For one
reason not to store data as a matrix, these matrices are almost always sparse
(they have many more 0’s than 1’s) in practice. It saves space to represent a
sparse matrix of 0’s and 1’s by the positions in which the 1’s appear. For another
reason, the data is usually stored in some other format for other purposes.

As an example, if rows are products, and columns are customers, represented
by the set of products they bought, then this data would really appear in a
database table of purchases. A tuple in this table would list the item, the
purchaser, and probably other details about the purchase, such as the date and
the credit card used.

3.3.2 Minhashing

The signatures we desire to construct for sets are composed of the results of a
large number of calculations, say several hundred, each of which is a “minhash”

U = {a, b, c, d , e}
S1 = {a, d};S2 = {c} etc.



Sets → Signatures: Minhashing

• Hash the columns of the characteristic matrix

• How?

• Pick a permutation of the rows

• Hash value of a column is the element in first row in the
permuted order where the column has 1



Minhashing
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the signatures give the exact similarity of the sets they represent, but the esti-
mates they provide are close, and the larger the signatures the more accurate
the estimates. For example, if we replace the 200,000-byte hashed-shingle sets
that derive from 50,000-byte documents by signatures of 1000 bytes, we can
usually get within a few percent.

3.3.1 Matrix Representation of Sets

Before explaining how it is possible to construct small signatures from large
sets, it is helpful to visualize a collection of sets as their characteristic matrix.
The columns of the matrix correspond to the sets, and the rows correspond to
elements of the universal set from which elements of the sets are drawn. There
is a 1 in row r and column c if the element for row r is a member of the set for
column c. Otherwise the value in position (r, c) is 0.

Element S1 S2 S3 S4

a 1 0 0 1

b 0 0 1 0

c 0 1 0 1

d 1 0 1 1

e 0 0 1 0

Figure 3.2: A matrix representing four sets

Example 3.6 : In Fig. 3.2 is an example of a matrix representing sets chosen
from the universal set {a, b, c, d, e}. Here, S1 = {a, d}, S2 = {c}, S3 = {b, d, e},
and S4 = {a, c, d}. The top row and leftmost columns are not part of the matrix,
but are present only to remind us what the rows and columns represent. !

It is important to remember that the characteristic matrix is unlikely to be
the way the data is stored, but it is useful as a way to visualize the data. For one
reason not to store data as a matrix, these matrices are almost always sparse
(they have many more 0’s than 1’s) in practice. It saves space to represent a
sparse matrix of 0’s and 1’s by the positions in which the 1’s appear. For another
reason, the data is usually stored in some other format for other purposes.

As an example, if rows are products, and columns are customers, represented
by the set of products they bought, then this data would really appear in a
database table of purchases. A tuple in this table would list the item, the
purchaser, and probably other details about the purchase, such as the date and
the credit card used.

3.3.2 Minhashing

The signatures we desire to construct for sets are composed of the results of a
large number of calculations, say several hundred, each of which is a “minhash”

Permutation of the rows: b,e,a,c,d
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of the characteristic matrix. In this section, we shall learn how a minhash is
computed in principle, and in later sections we shall see how a good approxi-
mation to the minhash is computed in practice.

To minhash a set represented by a column of the characteristic matrix, pick
a permutation of the rows. The minhash value of any column is the number of
the first row, in the permuted order, in which the column has a 1.

Example 3.7 : Let us suppose we pick the order of rows beadc for the matrix
of Fig. 3.2. This permutation defines a minhash function h that maps sets to
rows. Let us compute the minhash value of set S1 according to h. The first
column, which is the column for set S1, has 0 in row b, so we proceed to row e,
the second in the permuted order. There is again a 0 in the column for S1, so
we proceed to row a, where we find a 1. Thus. h(S1) = a.

Element S1 S2 S3 S4

b 0 0 1 0

e 0 0 1 0

a 1 0 0 1

d 1 0 1 1

c 0 1 0 1

Figure 3.3: A permutation of the rows of Fig. 3.2

Although it is not physically possible to permute very large characteristic
matrices, the minhash function h implicitly reorders the rows of the matrix of
Fig. 3.2 so it becomes the matrix of Fig. 3.3. In this matrix, we can read off
the values of h by scanning from the top until we come to a 1. Thus, we see
that h(S2) = c, h(S3) = b, and h(S4) = a. !

3.3.3 Minhashing and Jaccard Similarity

There is a remarkable connection between minhashing and Jaccard similarity
of the sets that are minhashed.

• The probability that the minhash function for a random permutation of
rows produces the same value for two sets equals the Jaccard similarity
of those sets.

To see why, we need to picture the columns for those two sets. If we restrict
ourselves to the columns for sets S1 and S2, then rows can be divided into three
classes:

1. Type X rows have 1 in both columns.

2. Type Y rows have 1 in one of the columns and 0 in the other.

h(S1) = a; h(S2) = c ; h(S3) = b; h(S4) = a



Why Minhashing?

For any two sets S ,T , the probability that the minhashes (with a
random uniform permutation) being equal

P(h(S) = h(T )) = Sim(S ,T ),

the Jaccard similarity of the two sets.
Why?
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of the characteristic matrix. In this section, we shall learn how a minhash is
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mation to the minhash is computed in practice.
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There is a remarkable connection between minhashing and Jaccard similarity
of the sets that are minhashed.

• The probability that the minhash function for a random permutation of
rows produces the same value for two sets equals the Jaccard similarity
of those sets.
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2. Type Y rows have 1 in one of the columns and 0 in the other.



Minhash signature

• Take n (say 100) random permutations

• Each define a minhash function: h1, h2, . . . , hn

• Minhash signature of S is a vector [h1(S), h2(S), . . . , hn(S)]T

• n is much smaller than the number of rows of the
characteristic matrix

• This constitute a signature matrix

• Intuition: Similarity between sets implies similarity between
signature vectors



Fast computation of signature matrix

• Pick n random hash functions h1, h2, . . . , hn

• SIG(i , c) is the ith row and cth column of the signature
matrix

• Initialization: Set SIG(i , c) =∞ for all i and c

• For the rth row:
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k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and



Fast computation of signature matrix: Example
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k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and

Two hash functions: h1(x) = x + 1 mod 5; h2(x) = 3x + 1
mod 5.



Fast computation of signature matrix: Initialization
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k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and
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k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and



Fast computation of signature matrix: Row 0
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k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and

3.3. SIMILARITY-PRESERVING SUMMARIES OF SETS 85

S4, so only these columns of the signature matrix can change. As 1 is less than
∞, we do in fact change both values in the columns for S1 and S4. The current
estimate of the signature matrix is thus:

S1 S2 S3 S4

h1 1 ∞ ∞ 1
h2 1 ∞ ∞ 1

Now, we move to the row numbered 1 in Fig. 3.4. This row has 1 only in
S3, and its hash values are h1(1) = 2 and h2(1) = 4. Thus, we set SIG(1, 3) to 2
and SIG(2, 3) to 4. All other signature entries remain as they are because their
columns have 0 in the row numbered 1. The new signature matrix:

S1 S2 S3 S4

h1 1 ∞ 2 1
h2 1 ∞ 4 1

The row of Fig. 3.4 numbered 2 has 1’s in the columns for S2 and S4, and
its hash values are h1(2) = 3 and h2(2) = 2. We could change the values in the
signature for S4, but the values in this column of the signature matrix, [1, 1], are
each less than the corresponding hash values [3, 2]. However, since the column
for S2 still has ∞’s, we replace it by [3, 2], resulting in:

S1 S2 S3 S4

h1 1 3 2 1
h2 1 2 4 1

Next comes the row numbered 3 in Fig. 3.4. Here, all columns but S2 have
1, and the hash values are h1(3) = 4 and h2(3) = 0. The value 4 for h1 exceeds
what is already in the signature matrix for all the columns, so we shall not
change any values in the first row of the signature matrix. However, the value
0 for h2 is less than what is already present, so we lower SIG(2, 1), SIG(2, 3) and
SIG(2, 4) to 0. Note that we cannot lower SIG(2, 2) because the column for S2 in
Fig. 3.4 has 0 in the row we are currently considering. The resulting signature
matrix:

S1 S2 S3 S4

h1 1 3 2 1
h2 0 2 0 0

Finally, consider the row of Fig. 3.4 numbered 4. h1(4) = 0 and h2(4) = 3.
Since row 4 has 1 only in the column for S3, we only compare the current
signature column for that set, [2, 0] with the hash values [0, 3]. Since 0 < 2, we
change SIG(1, 3) to 0, but since 3 > 0 we do not change SIG(2, 3). The final
signature matrix is:

S1 S2 S3 S4

h1 1 3 0 1
h2 0 2 0 0



Fast computation of signature matrix: Row 1
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k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and
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S4, so only these columns of the signature matrix can change. As 1 is less than
∞, we do in fact change both values in the columns for S1 and S4. The current
estimate of the signature matrix is thus:

S1 S2 S3 S4

h1 1 ∞ ∞ 1
h2 1 ∞ ∞ 1

Now, we move to the row numbered 1 in Fig. 3.4. This row has 1 only in
S3, and its hash values are h1(1) = 2 and h2(1) = 4. Thus, we set SIG(1, 3) to 2
and SIG(2, 3) to 4. All other signature entries remain as they are because their
columns have 0 in the row numbered 1. The new signature matrix:

S1 S2 S3 S4

h1 1 ∞ 2 1
h2 1 ∞ 4 1

The row of Fig. 3.4 numbered 2 has 1’s in the columns for S2 and S4, and
its hash values are h1(2) = 3 and h2(2) = 2. We could change the values in the
signature for S4, but the values in this column of the signature matrix, [1, 1], are
each less than the corresponding hash values [3, 2]. However, since the column
for S2 still has ∞’s, we replace it by [3, 2], resulting in:

S1 S2 S3 S4

h1 1 3 2 1
h2 1 2 4 1

Next comes the row numbered 3 in Fig. 3.4. Here, all columns but S2 have
1, and the hash values are h1(3) = 4 and h2(3) = 0. The value 4 for h1 exceeds
what is already in the signature matrix for all the columns, so we shall not
change any values in the first row of the signature matrix. However, the value
0 for h2 is less than what is already present, so we lower SIG(2, 1), SIG(2, 3) and
SIG(2, 4) to 0. Note that we cannot lower SIG(2, 2) because the column for S2 in
Fig. 3.4 has 0 in the row we are currently considering. The resulting signature
matrix:

S1 S2 S3 S4

h1 1 3 2 1
h2 0 2 0 0

Finally, consider the row of Fig. 3.4 numbered 4. h1(4) = 0 and h2(4) = 3.
Since row 4 has 1 only in the column for S3, we only compare the current
signature column for that set, [2, 0] with the hash values [0, 3]. Since 0 < 2, we
change SIG(1, 3) to 0, but since 3 > 0 we do not change SIG(2, 3). The final
signature matrix is:

S1 S2 S3 S4

h1 1 3 0 1
h2 0 2 0 0



Fast computation of signature matrix: Row 2
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k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and
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S4, so only these columns of the signature matrix can change. As 1 is less than
∞, we do in fact change both values in the columns for S1 and S4. The current
estimate of the signature matrix is thus:

S1 S2 S3 S4

h1 1 ∞ ∞ 1
h2 1 ∞ ∞ 1

Now, we move to the row numbered 1 in Fig. 3.4. This row has 1 only in
S3, and its hash values are h1(1) = 2 and h2(1) = 4. Thus, we set SIG(1, 3) to 2
and SIG(2, 3) to 4. All other signature entries remain as they are because their
columns have 0 in the row numbered 1. The new signature matrix:

S1 S2 S3 S4

h1 1 ∞ 2 1
h2 1 ∞ 4 1

The row of Fig. 3.4 numbered 2 has 1’s in the columns for S2 and S4, and
its hash values are h1(2) = 3 and h2(2) = 2. We could change the values in the
signature for S4, but the values in this column of the signature matrix, [1, 1], are
each less than the corresponding hash values [3, 2]. However, since the column
for S2 still has ∞’s, we replace it by [3, 2], resulting in:

S1 S2 S3 S4

h1 1 3 2 1
h2 1 2 4 1

Next comes the row numbered 3 in Fig. 3.4. Here, all columns but S2 have
1, and the hash values are h1(3) = 4 and h2(3) = 0. The value 4 for h1 exceeds
what is already in the signature matrix for all the columns, so we shall not
change any values in the first row of the signature matrix. However, the value
0 for h2 is less than what is already present, so we lower SIG(2, 1), SIG(2, 3) and
SIG(2, 4) to 0. Note that we cannot lower SIG(2, 2) because the column for S2 in
Fig. 3.4 has 0 in the row we are currently considering. The resulting signature
matrix:

S1 S2 S3 S4

h1 1 3 2 1
h2 0 2 0 0

Finally, consider the row of Fig. 3.4 numbered 4. h1(4) = 0 and h2(4) = 3.
Since row 4 has 1 only in the column for S3, we only compare the current
signature column for that set, [2, 0] with the hash values [0, 3]. Since 0 < 2, we
change SIG(1, 3) to 0, but since 3 > 0 we do not change SIG(2, 3). The final
signature matrix is:

S1 S2 S3 S4

h1 1 3 0 1
h2 0 2 0 0



Fast computation of signature matrix: Row 3

84 CHAPTER 3. FINDING SIMILAR ITEMS

k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and
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S4, so only these columns of the signature matrix can change. As 1 is less than
∞, we do in fact change both values in the columns for S1 and S4. The current
estimate of the signature matrix is thus:

S1 S2 S3 S4

h1 1 ∞ ∞ 1
h2 1 ∞ ∞ 1

Now, we move to the row numbered 1 in Fig. 3.4. This row has 1 only in
S3, and its hash values are h1(1) = 2 and h2(1) = 4. Thus, we set SIG(1, 3) to 2
and SIG(2, 3) to 4. All other signature entries remain as they are because their
columns have 0 in the row numbered 1. The new signature matrix:

S1 S2 S3 S4

h1 1 ∞ 2 1
h2 1 ∞ 4 1

The row of Fig. 3.4 numbered 2 has 1’s in the columns for S2 and S4, and
its hash values are h1(2) = 3 and h2(2) = 2. We could change the values in the
signature for S4, but the values in this column of the signature matrix, [1, 1], are
each less than the corresponding hash values [3, 2]. However, since the column
for S2 still has ∞’s, we replace it by [3, 2], resulting in:

S1 S2 S3 S4

h1 1 3 2 1
h2 1 2 4 1

Next comes the row numbered 3 in Fig. 3.4. Here, all columns but S2 have
1, and the hash values are h1(3) = 4 and h2(3) = 0. The value 4 for h1 exceeds
what is already in the signature matrix for all the columns, so we shall not
change any values in the first row of the signature matrix. However, the value
0 for h2 is less than what is already present, so we lower SIG(2, 1), SIG(2, 3) and
SIG(2, 4) to 0. Note that we cannot lower SIG(2, 2) because the column for S2 in
Fig. 3.4 has 0 in the row we are currently considering. The resulting signature
matrix:

S1 S2 S3 S4

h1 1 3 2 1
h2 0 2 0 0

Finally, consider the row of Fig. 3.4 numbered 4. h1(4) = 0 and h2(4) = 3.
Since row 4 has 1 only in the column for S3, we only compare the current
signature column for that set, [2, 0] with the hash values [0, 3]. Since 0 < 2, we
change SIG(1, 3) to 0, but since 3 > 0 we do not change SIG(2, 3). The final
signature matrix is:

S1 S2 S3 S4

h1 1 3 0 1
h2 0 2 0 0



Fast computation of signature matrix: Row 4
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k is large and there are not too many collisions. We can maintain the fiction
that our hash function h “permutes” row r to position h(r) in the permuted
order.

Thus, instead of picking n random permutations of rows, we pick n randomly
chosen hash functions h1, h2, . . . , hn on the rows. We construct the signature
matrix by considering each row in their given order. Let SIG(i, c) be the element
of the signature matrix for the ith hash function and column c. Initially, set
SIG(i, c) to ∞ for all i and c. We handle row r by doing the following:

1. Compute h1(r), h2(r), . . . , hn(r).

2. For each column c do the following:

(a) If c has 0 in row r, do nothing.

(b) However, if c has 1 in row r, then for each i = 1, 2, . . . , n set SIG(i, c)
to the smaller of the current value of SIG(i, c) and hi(r).

Row S1 S2 S3 S4 x + 1 mod 5 3x + 1 mod 5
0 1 0 0 1 1 1
1 0 0 1 0 2 4
2 0 1 0 1 3 2
3 1 0 1 1 4 0
4 0 0 1 0 0 3

Figure 3.4: Hash functions computed for the matrix of Fig. 3.2

Example 3.8 : Let us reconsider the characteristic matrix of Fig. 3.2, which
we reproduce with some additional data as Fig. 3.4. We have replaced the
letters naming the rows by integers 0 through 4. We have also chosen two hash
functions: h1(x) = x+1 mod 5 and h2(x) = 3x+1 mod 5. The values of these
two functions applied to the row numbers are given in the last two columns of
Fig. 3.4. Notice that these simple hash functions are true permutations of the
rows, but a true permutation is only possible because the number of rows, 5, is
a prime. In general, there will be collisions, where two rows get the same hash
value.

Now, let us simulate the algorithm for computing the signature matrix.
Initially, this matrix consists of all ∞’s:

S1 S2 S3 S4

h1 ∞ ∞ ∞ ∞
h2 ∞ ∞ ∞ ∞

First, we consider row 0 of Fig. 3.4. We see that the values of h1(0) and
h2(0) are both 1. The row numbered 0 has 1’s in the columns for sets S1 and
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S4, so only these columns of the signature matrix can change. As 1 is less than
∞, we do in fact change both values in the columns for S1 and S4. The current
estimate of the signature matrix is thus:

S1 S2 S3 S4

h1 1 ∞ ∞ 1
h2 1 ∞ ∞ 1

Now, we move to the row numbered 1 in Fig. 3.4. This row has 1 only in
S3, and its hash values are h1(1) = 2 and h2(1) = 4. Thus, we set SIG(1, 3) to 2
and SIG(2, 3) to 4. All other signature entries remain as they are because their
columns have 0 in the row numbered 1. The new signature matrix:

S1 S2 S3 S4

h1 1 ∞ 2 1
h2 1 ∞ 4 1

The row of Fig. 3.4 numbered 2 has 1’s in the columns for S2 and S4, and
its hash values are h1(2) = 3 and h2(2) = 2. We could change the values in the
signature for S4, but the values in this column of the signature matrix, [1, 1], are
each less than the corresponding hash values [3, 2]. However, since the column
for S2 still has ∞’s, we replace it by [3, 2], resulting in:

S1 S2 S3 S4

h1 1 3 2 1
h2 1 2 4 1

Next comes the row numbered 3 in Fig. 3.4. Here, all columns but S2 have
1, and the hash values are h1(3) = 4 and h2(3) = 0. The value 4 for h1 exceeds
what is already in the signature matrix for all the columns, so we shall not
change any values in the first row of the signature matrix. However, the value
0 for h2 is less than what is already present, so we lower SIG(2, 1), SIG(2, 3) and
SIG(2, 4) to 0. Note that we cannot lower SIG(2, 2) because the column for S2 in
Fig. 3.4 has 0 in the row we are currently considering. The resulting signature
matrix:

S1 S2 S3 S4

h1 1 3 2 1
h2 0 2 0 0

Finally, consider the row of Fig. 3.4 numbered 4. h1(4) = 0 and h2(4) = 3.
Since row 4 has 1 only in the column for S3, we only compare the current
signature column for that set, [2, 0] with the hash values [0, 3]. Since 0 < 2, we
change SIG(1, 3) to 0, but since 3 > 0 we do not change SIG(2, 3). The final
signature matrix is:

S1 S2 S3 S4

h1 1 3 0 1
h2 0 2 0 0


